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A method of multirate nonlinear state obser®er design, which can use directly a non-
linear process model in the obser®er design without any linear approximation, is pre-
sented. The multirate nonlinear state obser®er is easy to design and implement, and is
computationally efficient. Furthermore, for a number of processes, it is possible to pro®e
the global con®ergence of the multirate state obser®er analytically. The design, imple-
mentation and performance of the state obser®er design method are shown by a poly-
merization reactor in which free-radical solution polymerization of styrene takes place.
The initiator concentration and three leading moments of the molecular weight distribu-

( ) ( )tion MWD of the polymer product are estimated continuously from: i frequent mea-
surements of the reactor temperature, jacket temperature and reacting-mixture density;
( )ii infrequent and delayed measurements of the leading moments of the MWD. Each
infrequent measurement has a sampling period and a measurement delay of 0.5 or 1 h.
In the presence of model-plant mismatch and measurement noise, the con®ergence of
the multirate state obser®er is shown by numerical simulations.

Introduction
A polymer product is composed of macromolecules with

different molecular weights, and the processability and subse-
quent utility of a polymer product depend strongly on the

Ž .molecular weight distribution MWD of the macro-
molecules. Since the MWD is influenced greatly by the poly-
merization reactor operating conditions, the production of a
high quality polymer requires effective monitoring and con-
trol of the MWD in the reactor. Both of these can be real-
ized only when sufficient on-line information on the MWD is
available.

Polymerization reactors are a class of processes in which
many essential process variables related to product quality
cannot be measured or can be measured at low sampling rates
and with significant time delays. The lack of readily-available,
frequent, on-line measurements, from which polymer proper-
ties can be inferred, has motivated a considerable research

Ž .effort in the following research directions: a the develop-
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wment of new on-line sensors lists of many of the currently-
Ž .available on-line sensors are given in Ray 1986 and Chien

Ž .x Ž .and Penlidis 1990 ; b the development of qualitative and
quantitative relations between readily-available on-line mea-
surements such as density, viscosity and refractive index, and
polymer properties such as conversion and average molecular

Žweights Schork and Ray, 1983; Ohshima and Tomita, 1995;
. Ž .Ohshima et al., 1995 ; c the development of state estima-

torsrobservers that are capable of estimating unmeasurable
polymer properties.

Since the 1970s, the problem of state estimation in poly-
Žmerization reactors has been studied extensively Jo and

Bankoff, 1976; Schuler and Suzhen, 1985; Ellis et al., 1988;
Adebekun and Schork, 1989; Kim and Choi, 1991; Kozub and
MacGregor, 1992; van Dootingh et al., 1992; Ogunnaike, 1994;

.Robertson et al., 1995; Liotta et al., 1997 . The availability of
sufficiently-accurate, first-principles, mathematical models of
the reactors has made possible the development of the state
estimatorsrobservers. State estimation in other chemicalrpet-
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rochemical and biochemical processes has also been studied.
ŽExamples are bioreactors and distillation columns Bastin and

.Dochain, 1990; Quintero-Marmol et al., 1991 . In most of
Ž .these studies, extended Kalman filters EKFs have been used

for state estimation.
A major characteristic of polymerization reactors is their

complex nonlinear behavior. Phenomena such as multiple
steady states in continuous stirred tank reactors, parametric
sensitivity, and limit cycles are manifestations of the complex
nonlinearity. Thus, reliable state estimation in polymeriza-
tion reactors requires nonlinear models that can capture the
complex nonlinear behavior. Motivated by the need for non-
linear state estimation in many processes such as polymeriza-
tion reactors, many attempts have been made since the early
1980s to develop nonlinear state estimation methods that can
use directly a nonlinear process model in the estimatorrob-

Žserver design without any linear approximation Krener and
Isidori, 1983; Zeitz, 1987; van Dootingh et al., 1992; Cic-
carella et al., 1993; Kazantzis and Kravaris, 1996; Robertson

.et al., 1996; Soroush, 1997 .
In polymerization reactors, most of essential measure-

ments related to polymer product quality, such as the leading
moments of a MWD obtained by a gel permeation chromato-

Ž .graph GPC , are available at low sampling rates and with
considerable time delays. On the other hand, measurements
of process variables such as temperatures, pressures, and
densities are usually available at high sampling rates and with
almost no delays. Because polymer product quality is usually
not observable from the frequent, delay-free measurements

Žalone, one has to design a multirate estimatorrobserver that
is, one that uses both the frequent and infrequent measure-

.ments to provide reliable estimates of the states, especially
in the presence of model-plant mismatch and measurement
noise.

The need for multirate estimators has been well recog-
nized in the chemicalrpetrochemical and biochemical indus-

Žtries Ellis et al., 1998; Bastin and Dochain, 1990; Kim and
Choi, 1991; Stone et al., 1992; Ogunnaike, 1994; Gudi et al.,

.1995; Mutha et al., 1997; Tatiraju et al., 1998 . So far, the
problem of multirate state estimation has been studied pri-
marily within the framework of the EKF. For example, Ellis

Ž .et al. 1988 used a multirate EKF to estimate the unmeasur-
able process states continuously from the frequently available
measurements of temperature and density and the infrequent
and delayed measurements of the average molecular weights
Ž . Ž .obtained by a GPC . Gudi et al. 1995 implemented a two-
time-scale EKF on a biochemical reactor. Another multirate
state estimation approach commonly used in electrical engi-
neering applications involves using smoothing algorithms
Ž . ŽMeditch, 1973 along with a bank of Kalman filters Hong,

. Ž .1994; Williamson et al., 1996 . Mutha et al. 1997 proposed
the use of a fixed-lag smoothing algorithm for multirate state
estimation in a polymerization reactor.

In this article we present a multirate nonlinear state-ob-
server design method that can use directly a nonlinear pro-
cess model in the observer design without any linear approxi-
mation. The resulting multirate state observer can be inter-
preted as a multirate reduced-order Luenberger state ob-

Ž .server. Because of its reduced-order nature, a the state ob-
Ž .server is computationally inexpensive to implement and b

for many processes it is possible to prove the global conver-
gence of the state observer analytically. The similarities and
differences between the multirate nonlinear state-observer
design method and EKF are discussed. The design, imple-
mentation, and performance of the multirate state estimation
method are shown by a continuous polymerization reactor in
which free-radical solution polymerization of styrene takes
place.

The scope of this work and some preliminaries are given,
followed by the multirate nonlinear observer design method.
The polymerization system and its mathematical model are
then described, followed by the application of the multirate
nonlinear state observer to the reactor. Simulation results are
presented and discussed.

Scope and Preliminaries
Consider the class of nonlinear processes described by a

state-space model of the form

w xx t s f x t , u tŽ . Ž . Ž .°̇
~ w xy t s h x t , is1, . . . , pŽ . Ž .i i 1Ž .¢Y t s H x t yu , is1, . . . , q , ks1, 2, . . .Ž . Ž .i i i i ik k

w xTwhere xs x . . . x denotes the vector of state variables,1 n
w xTus u . . . u represents the vector of measurable inputs1 m

Ž .manipulated inputs and measurable disturbances , y s
w xT Žy . . . y is the vector of ‘‘fast’’ measurable outputs whose1 p
measurements are available so frequently that these mea-

.surements can be considered as continuous functions of time ,
w xTY s Y . . . Y is the vector of ‘‘slow’’ measurable outputs1 q

Žwhich are measured at lower sampling rates and are avail-
. Ž .able with different time delays , t ks1, 2, . . . are the timeik

instants at which the measurements of the slow measur-
able output Y are available, u is the dead-time associatedi i

Ž . Ž .with the slow measurable output Y , and f ., . , h . si
w Ž . Ž .xT Ž . w Ž . Ž .xTh . . . . h . , and H . s H . . . . H . are smooth vector1 p 1 q
functions. We make the following assumptions:
Ž . Ž .a1 The p= n matrix ­ h x r­ x has locally p linearly inde-

pendent rows or columns; this condition ensures that none of
the available fast measurable outputs are redundant.
Ž .a2 The process state variables are locally detectable from

the fast and slow measurable outputs.
Ž .Definition 1. Soroush, 1997 : Consider a system of the

form of Eq. 1. A state variable x is said to be locally de-i
tectable from the fast measurable outputs, if there exists a

Ž .1= p smooth vector function c j q x, u, y such that thei
universal equilibrium point of the subsystem

˙ w xj s f j q x , u y f x , u qc j q x , u , y yy h j q x ,Ž . Ž . Ž . Ž .i i i i

j t '0, j/ i , js1, . . . , n ,Ž .j

that is, j s0, is locally asymptotically stable.i
Ž .Definition 2. Soroush, 1997 : A system of the form of Eq.

1 is said to be locally detectable from the fast measurable
Žoutputs, if there exists an n= p smooth matrix function c j

.q x, u, y such that the universal equilibrium point of the
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subsystem

˙ w xj s f j q x , u y f x , u qc j q x , u , y yy h j q x ,Ž . Ž . Ž . Ž .

that is, j s0, is locally asymptotically stable.
ŽA necessary condition for local detectability from the fast

.measurements of a system of the form of Eq. 1 is the exist-
Ž .ence of an n= p smooth matrix function c j q x, u, y such

Ž .that locally all the eigenvalues of the n= n matrix

­ f x , u ­ h xŽ . Ž .
yc x , u , yŽ .

­ x ­ x

lie in the left half of the complex plane.
Ž .Definition 3. Soroush, 1997 : Consider a system of the

form of Eq. 1. A state variable x is said to be locally observ-i
able from the fast measurable outputs, if there is an lth-order
Ž .0F l F ny1 time-derivative of a fast measurable output y ,j
that explicitly depends on the state variable x .i

Ž .Definition 4. Zeitz, 1987 : A system of the form of Eq. 1
is said to be locally observable from the fast measurable out-

Ž .puts, if the following np= n matrix has locally n linearly
independent rows or columns

h xŽ .
1 Ž0.h x , uŽ .

­ 2 Ž0. Ž1.h x , u , uŽ .
­ x ...

ny1 Ž0. Ž1. Žny2.h x , u , u , . . . , uŽ .

where

­ h xŽ .
1 Ž0.h x , u s f x , uŽ . Ž .

­ x

­ h1 x , uŽ0. ­ h1 x , uŽ0. duŽ . Ž .
2 Ž0. Ž1.h x , u , u s f x , u qŽ . Ž .

­ x ­ u dt

­ hl x , uŽ0. , uŽ1. , . . . , uŽ ly1.Ž .
lq1 Ž0. Ž1. Ž l .h x , u , u , . . . , u s f x , uŽ . Ž .

­ x

ly1 l Ž0. Ž1. Ž ly1. Ž j.­ h x , u , u , . . . , u duŽ .
q , ls0, . . . , ny2Ý Ž j. dt­ ujs 0

dlu tŽ .
Ž l .u t s , ls0, 1, 2, . . .Ž . ldt

Multirate Nonlinear Observer Design Method
Ž .As a consequence of the assumption of a1 made in the

previous section, one can always find a locally one-to-one
Ž .change of variables locally invertible state transformation of

the form

Qxh
sTT x sŽ .

y h xŽ .

w xT Ž .where hs h , . . . , h and Q is a constant ny p = n1 nyp
matrix which, for the sake of simplicity, is chosen such that
Ž .c1 each row of Q has only one nonzero term equal to one

Ž .and c2 the determinant of the n= n matrix

Q
­ h xŽ .

­ x

Ž .is locally nonzero. Here ­ h x r­ x is a p= n matrix whose
Ž .ijth entry is ­ h x r­ x . The new variables h , . . . , h arei j 1 nyp

Ž .simply ny p state variables of the original model of Eq. 1,
Ž .that satisfy the determinant condition of c2 given in this

section.
w xTUsing the locally invertible state transformation h y s

Ž .TT x , we first recast the model of Eq. 1 in terms of the new
state variables h and y

w xh t s F h t , y t , u tŽ . Ž . Ž . Ž .°̇ h

~ w xy t s F h t , y t , u tŽ . Ž . Ž . Ž .˙ y¢Y t s HH h t yu , y t yu ,Ž . Ž . Ž .i i i i i i ik k k

is1, . . . , q , ks1, 2, . . . 2Ž .

where

y1F h , y , u sQf TT h , y , u ,Ž . Ž .h

­ h xŽ .
y1F h , y , u s f TT h , y , uŽ . Ž .y y1 Ž .­ x xs TT h , y

and

y1HH h , y s H TT h , yŽ . Ž .

We then design a multirate reduced-order nonlinear state
observerrestimator of the form

w xz t s F z t q Ky t , y t , u tŽ . Ž . Ž . Ž . Ž .˙ h

w xy KF z t q Ky t , y t , u tŽ . Ž . Ž . Ž .y

U w xq L Y t y HH z t q Ky t , y t� 4Ž . Ž . Ž . Ž .
y1w xx t sTT z t q Ky t , y t 3Ž . Ž . Ž . Ž . Ž .ˆ

Ž .where the state observer gains K and L are constant ny p
Ž . UŽ .= p and ny p = q matrices, respectively. Y t is the pre-

dicted present value of the vector of the slow measurements.
Each Y U is obtained by a least-squared-error curve fit of ai
polynomial of order m to the most recent r measurementsi i
of the slow measurable output Y , where m is chosen suchi i
that r ) m . The values of r , . . . , r , m , . . . , m are set byi i 1 q 1 q
the designer. As the order of the polynomial m is increased,i
the sensitivity of the state estimates to noise in the slow mea-
surement Y decreases. The state observer of Eq. 3 is a multi-i
rate version of the state observer design method presented in

Ž .Soroush 1997 .
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Remark 1: In the case that r s3 and m s1, once a mea-i i
surement of Y arrives at a time instant t , a straight line isi ik

fitted to the most-recent three measurements of Y via lineari
regression. The equation of this line is given by

Y U t s A tq B , t F t- t , is1, . . . , q 4Ž . Ž .i i i i ik k k kq1

where A and B are respectively the slope and the inter-i ik k

cept of the regression line. Equation 4 is used to predict the
present value of the slow measurable output Y during thei
intersampling period t F t- t . As soon as the next mea-i ik kq1

surement of Y is available, the slope and intercept of thei
regression line are recalculated by using the most-recent three

Ž .measurements of Y including the new measurement . Thus,i
UŽ .each Y t is a piece-wise continuous function of time.i

State obser©er tuning
ŽThe state observerrestimator should be tuned that is, the

.constant matrices L and K should be chosen properly to
ensure that nominally the mismatch between the actual and
estimated values of every state variable decays to zero asymp-
totically. The observer error e, eJhyh is governed byˆ

es F eqh , y , u y F h , y , u y K F eqh , y , uŽ . Ž . Ž .�˙ h h y

U w xy F h , y , u q L Y y HH eqh , y 5� 4Ž . Ž .4y

which has a universal equilibrium point at es0. Thus, the
observerrestimator should be tuned such that the equilibrium
point of the observer error dynamics is asymptotically stable.
The detectability of the system of Eq. 1 from the slow and
fast measurable outputs guarantees the existence of a pair of

Ž .matrices K and L, which place the ny p eigenvalues of the
Jacobian matrix of the system of Eq. 5, that is,

­ F h , y , u ­ F h , y , u ­HH h , yŽ . Ž . Ž .h y
y K y L , 6Ž .

­h ­h ­h

in the left half plane.
The two observerrestimator gains K and L provide the

designer with enough flexibility to set arbitrarily the extent to
which the estimator should rely on a given measurable out-
put, whether it is fast or slow. While the gain K represents a
‘‘weight’’ on the fast measurable outputs, the gain L is a
‘‘weight’’ on the slow measurable outputs. In the case that
K s0, the estimator calculates estimates of the state vari-
ables on the basis of the slow measurable outputs only. The
reduced-order nature of the estimator facilitates the design
and implementation of the estimator and reduces the time
needed for calculating the state estimates.

When an ith state variable x is not observable from thei
fast measurable outputs, the decay rate of the mismatch be-
tween the actual and estimated values of the state variable is
usually not affected by the elements of the ith row of the
gain K. In such a case, the entries of that row of the matrix
K can simply be set to zero. When such a state variable is
observable from the slow measurable outputs, a value of the
gain L that locally places the eigenvalues of the matrix of Eq.

6 in the left half plane, ensures the asymptotic convergence
of the estimated value of the state variable to its actual value.

Ž . Ž .Remark 2: When an F h, y, u ith component of F isy yi
Ž . Ž .independent of h, F hq e, y, u y F h, y, u s0. Thus, iny yi i

such a case the use of F in the closed-loop observer of Eq. 3yi

does not affect the local stability of the error dynamics, and
no values of K , . . . , K will affect the local stability1i Žnyp. i

Ž .and maybe speed of the observer error dynamics. For the
sake of simplicity, in these cases, we set K s . . . s K1i Žnyp. i
s0. This will be illustrated when the observer of Eq. 3 is
applied to the jacketed polymerization reactor.

Remark 3: In the case that a process has no fast measur-
Ž .able outputs ps0 , the state observerrestimator of Eq. 3

takes the form

˙ Uw x w xx t s f x t , u t q L Y t y H x t 7� 4Ž . Ž . Ž . Ž . Ž . Ž .ˆ ˆ ˆ

that is, the state estimates are calculated solely by using the
measurable inputs and the slow measurable outputs. In this
case, the observer error is governed by the system

es f eq x , u y f x , u q L Y U y H eq x 8� 4Ž . Ž . Ž . Ž .˙

Thus, a necessary condition for the local asymptotic conver-
gence of the observer of Eq. 7 is that locally all the eigenval-
ues of the n= n Jacobian matrix

­ f x , u ­ H xŽ . Ž .
y L 9Ž .

­ x ­ x

lie in the left half of the complex plane. Note that in this case
the use of the slow measurable outputs allows one to design a
state estimator whose error has an adjustable rate of decay.
A multirate observer of the form of Eq. 7 was implemented
successfully in real time on a biochemical reactor wherein
continuous estimates of the concentrations of biomass, sub-
strates, and products were calculated by using very infre-

Ž .quent and delayed measurements only Tatiraju et al., 1999 .

Comparison with multirate extended Kalman filter
The multirate state observer of Eq. 3 with the gain Ls0 is

a reduced-order Luenberger state observer with a constant
gain, which is a deterministic version of a reduced-order Ex-

Ž .tended Kalman filter EKF with a constant gain. The simi-
larities and differences between the multirate state observer
and multirate EKF include:

v An extended Kalman filter is tuned by adjusting covari-
ance matrices of noise signals and initial estimation error,
while the multirate state observer of Eq. 3 is tuned by adjust-
ing the gain matrices K and L. In the case of an EKF if a
serious error is made in choosing the values of the covariance
matrices, the EKF can provide poor and biased estimates of
the states. Because of this, much insight and adequate prior
simulations are required to arrive at an acceptable set of tun-

Žing parameters in the case of an EKF Kozub and MacGre-
.gor, 1992 . On the other hand, the gains of the multirate state

Ž .observer should be chosen such that a the observer error
Ž .dynamics are asymptotically stable and b proper ‘‘weights’’
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are placed on the model, fast measurements, and slow mea-
surements, depending on the reliability of each of these. In
the case of the multirate state observer, simple observability
tests of state variables facilitate the observer tuning greatly.

v While for many processes it is possible to prove the global
asymptotic convergence of the multirate state observer ana-
lytically, the analytical proof of the global asymptotic conver-
gence is, in general, not possible in the case of an EKF.

v For a process with n state variables and p fast measur-
able output, the state observer will be of order ny p, while

Ž .for the same process a standard EKF will be of order n nq1 .

Free-Radical Polymerization Reactor Model
Ž .We use the mathematical model of Schmidt and Ray 1981

to describe the dynamics of free-radical solution polymeriza-
tion of styrene in a jacketed continuous stirred tank reactor
Ž .CSTR . The solvent and initiator are benzene and azo-bis-
iso-butyro-nitrile, respectively. The polymerization model has
the following form

dC 1i
sy q k C q fi i 1dt t

dC Cs s
sy q f2dt t

dl l0 0
sy q f C , C , C , TŽ .3 i s mdt t

dl l1 1
sy q f C , C , C , TŽ .4 i s mdt t

dl l2 2
sy q f C , C , C , TŽ .5 i s mdt t

dCm
s f C , C , TŽ .6 i mdt

dT
s f C , C , T , TŽ .7 i m jdt

dTj
s f T , T 10Ž .Ž .8 jdt

where

Q Ci iif s1 V

Q C qQ Cs s i ss if s2 V

1
2f C , C , C , T s k C qk Pqk C aPq k PŽ . Ž .3 i s m f m t f s tm d s c2

2f C , C , C , T s k C qk Pqk C 2a y a qk PŽ .Ž . Ž .4 i s m f m t f s tm d s c

PMm
=

1y aŽ .

3 2f C , C , C , T s k C qk Pqk C a y3a q4aŽ .Ž . Ž .5 i s m f m t f sm d s

PM 2
m

qk P aq2Ž .t 2c 1y aŽ .

Q C yQ Cm m t mmf C , C , T s y k C PŽ .6 i m p mV

US T yT Q T yTŽ .Ž .j t in
f C , C , T , T sg k C Pq qŽ .7 i m j p m rc V Vp

Q T yTUS Ž .c w jinf T , T s T yT qŽ . Ž .8 j jr c V Vw p j jw

k Cp m
a s

k qk C qk C qk PŽ .p f m f s tm s

U2 f C ki i
P s( kt

The number-average and weight-average molecular weights
Ž y1. Ž .kg ?kmol denoted by M and M , respectively are re-n w
lated to the moments according to

l l2 1
M s M sw nl l1 0

We use a value of 7.1 kmol ?my3 for the concentration of the
solvent in the initiator feed stream. The rest of the parame-
ter values are the same as those given in Hidalgo and Brosilow
Ž .1990 . A sufficiently high fraction of solvent in the feed and
the reaction operating conditions given in Table 1 lead to a
low steady-state monomer conversion, thereby ensuring that
the gel and glass effects are not dominant. At low solvent
fractions and high steady-state monomer conversion, it is not
possible to measure density of the polymer solution on-line,
because the extremely viscous polymer solution clogs the

Table 1. Operating Conditions of the Reactor
0 y3Ž .C 0 s3.00=10 kmol ?mm
y2 y3Ž .C 0 s5.00=10 kmol ?mi
0 y3Ž .C 0 s5.00=10 kmol ?ms
2Ž .T 0 s3.30=10 K
2Ž .T 0 s2.95=10 Kj

y3Ž .l 0 s0.0 kmol ?m0
y3Ž .l 0 s0.0 kg ?m1

2 y1 y3Ž .l 0 s0.0 kg ?kmol ?m2
0 y3C s8.698=10 kmol ?mm m
y1 y3C s5.888=10 kmol ?mi i
0 y3C s7.100=10 kmol ?msi
0 y3C s7.500=10 kmol ?mss
y5 3 y1Q s6.550=10 m ? sc
y5 3 y1Q s1.550=10 m ? si
y5 3 y1Q s5.250=10 m ? sm

y5 3 y1Q s6.3750=10 m ? ss
2T s3.300=10 Kin
2T s2.950=10 Kw in
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densitometer. This operational constraint has forced many,
who have studied in real-time control and monitoring of poly-
merization reactors by using on-line densitometers andror
viscometers, to operate the reactors in nonviscous regions
Ž .Ellis et al., 1988 .

The first-principles mathematical model of the process de-
scribed by Eq. 10 is used to represent the actual process. The
state estimation problem is to calculate continuous estimates
of the number-average and weight-average molecular weights
of the polymer and the concentrations of the initiator and
solvent from:

v The frequent, delay-free, on-line ‘‘measurements’’ of the
Ž . Ž .reacting mixture density, reactor temperature T K , and

Ž . Ž . Žjacket temperature T K . The monomer conversion and,j
Ž y3..thereby, the monomer concentration C kmol ?m can bem

inferred from the density measurement, and thus can be
available on-line at high sampling rates. These measurements
are assumed to be made on-line at very high sampling fre-
quencies, and, hence, they are considered as continuous
functions of time.

v The infrequent and delayed ‘‘measurements’’of the three
leading MWD moments, which are assumed to be obtained
with a GPC at sampling periods of 0.5 or 1 h and with corre-
sponding measurement delays of 0.5 or 1 h.

Multirate Observer Design for the Polymerization
Reactor

For this process, the vector of fast measurable outputs ys
w xT wC T T and the vector of slow measurable outputs Y s lm j 0

xTl l . The system of Eq. 10 is already of the form of Eq. 2;1 2
the first five differential equations representing the h subsys-

Ž w xT .tem hs C C l l l , and the last three differentiali s 0 1 2
equations form the y subsystem.

The local observability and detectability of each state vari-
able from each measurable output as defined by Definitions
1 and 3 are indicated in Table 2. For example, the zeroth
moment is detectable but not observable from the monomer
concentration measurement. While all the state variables of
the polymerization process are observable from the fast and

Žslow measurable outputs, only four of the state variables T ,
.T , C , C are observable from the fast measurements alone.j m i

However, all the state variables are detectable from the fast
measurements. Thus, the slow measurements allow for calcu-
lating reliable estimates of all the state variables by making
all the state variables observable.

Application of the estimation method of Eq. 3 to this poly-
merization reactor leads to the following multirate nonlinear
reduced-order state observerrestimator

1
ˆy q k C q fi i 1t

Ĉsż y q f1 2t
ż2

l̂0ż ˆ ˆs y q f C , C , C , T3 Ž .3 i s mtż4
l̂1ż ˆ ˆ5 y q f C , C , C , TŽ .4 i s mt

l̂2 ˆ ˆy q f C , C , C , TŽ .5 i s mt

Uˆ ˆf C , C , C , T ˆŽ . l y l6 i s m 0 0

U ˆˆ ˆy K q L 11l y l Ž .f C , C , C , T , T 1 1ž /7 i s m j

U ˆl y lf T , TŽ . 2 28 j

where

Ĉ s z q K C q K T q K Ti 1 11 m 12 13 j

Ĉ s z q K C q K T q K Ts 2 21 m 22 23 j

l̂ s z q K C q K T q K T0 3 31 m 32 33 j

l̂ s z q K C q K T q K T1 4 41 m 42 43 j

l̂ s z q K C q K T q K T2 5 51 m 52 53 j

UŽ . UŽ . UŽ .and l t , l t and l t are the predicted present values0 1 2
of the infrequent measurable outputs. Each of the predicted
present values is obtained by fitting a least-squared-error line

Žto the most recent three measurements of the moment here
.r s3, m s1, is1, . . . , 3 . These linear regressions are al-i i

ways carried out except when only one measurement of each
slow measurable output is available. In the exceptional case,
the predicted present value of each slow measurable output
is set equal to the single available measurement. A flow dia-
gram of the proposed multirate observerrestimator is shown

Table 2. ObservabilityrrrrrDetectability of the State Variables of the Reactor

Reactor Jacket 0th 1st 2ndMonomer
State VariablerMeasurement Temp. Temp. Concentration Moment Moment Moment

Reactor temperature YesrYes YesrYes YesrYes YesrYes YesrYes YesrYes
Jacket temperature YesrYes YesrYes YesrYes YesrYes YesrYes YesrYes
Monomer concentration YesrYes YesrYes YesrYes YesrYes YesrYes YesrYes
Initiator concentration YesrYes YesrYes YesrYes YesrYes YesrYes YesrYes
Solvent concentration NorYes NorYes NorYes YesrYes YesrYes YesrYes
0th Moment NorYes NorYes NorYes YesrYes NorYes NorYes
1st Moment NorYes NorYes NorYes NorYes YesrYes NorYes
2nd Moment NorYes NorYes NorYes NorYes NorYes YesrYes
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Figure 1. Flow diagram of the multirate estimator.

in Figure 1. The observerrestimator initial conditions are
given in Table 3.

Tuning the state obser©er
As indicated in Table 2, while the initiator concentration

C is observable from the fast measurable outputs, the fouri
state variables C , l , l , and l are not observable from thes 0 1 2
fast measurable outputs C , T , and T . Since the rate of con-m j

Žvergence of the estimates of these unobservable from the
.fast measurable outputs state variables is not affected by the

gain components K , is2, . . . , 5, js1, . . . , 3, we simply seti j

K s K s K s0, is2, . . . , 5 12Ž .i1 i2 i3

The gain component K is also set to zero, because the13
function f is independent of the initiator concentration C8 i
Ž .see Remark 2 . Note that the use of non-zero values for these
gain components can change the shape of the profiles of the
estimates of the four state variables C , l , l , and l , buts 0 1 2
not the time needed for the convergence of each estimate.
All the components of the gain L, except for L , L , and31 42
L , are also set to zero.53

Table 3. Initial Conditions of the Estimator

y2 y3ˆ Ž .C 0 s2.50=10 kmol ?mi
0 y3ˆ Ž .C 0 s4.00=10 kmol ?ms
y3 y3ˆ Ž .l 0 s1.00=10 kmol ?m0
0 y3ˆ Ž .l 0 s5.00=10 kg ?m1
4 2 y1 y3ˆ Ž .l 0 s5.00=10 kg ?kmol ?m2

Once the gains K and L are set accordingly, the observer
error will be governed by

1
e sy k q e y K D f e , C , C , TŽ .1̇ i 1 11 6 1 i mt

y K D f e , C , C , T , TŽ .12 7 1 i m j

1
e sy e2̇ 2t

1
e sy e qD f e , e , C , C , C , TŽ .3̇ 3 3 1 2 i s mt

y L e q L lU y lŽ .31 3 31 0 0

1
e sy e qD f e , e , C , C , C , TŽ .4̇ 4 4 1 2 i s mt

y L e q L lU y lŽ .42 4 42 1 1

1
e sy e qD f e , e , C , C , C , TŽ .5̇ 5 5 1 2 i s mt

y L e q L lU y l 13Ž .Ž .53 5 53 2 2

where

D f e , e , C , C , C , T s f C q e , C q e , C , TŽ . Ž .3 1 2 i s m 3 i 1 s 2 m

y f C , C , C , TŽ .3 i s m

D f e , e , C , C , C , T s f C q e , C q e , C , TŽ . Ž .4 1 2 i s m 4 i 1 s 2 m

y f C , C , C , TŽ .4 i s m

D f e , e , C , C , C , T s f C q e , C q e , C , TŽ . Ž .5 1 2 i s m 5 i 1 s 2 m

y f C , C , C , TŽ .5 i s m

D f e , C , C , T s f C q e , C , T y f C , C , TŽ . Ž . Ž .6 1 i m 6 i 1 m 6 i m

D f e , C , C , T , T s f C q e , C , T , TŽ . Ž .7 1 i m j 7 i 1 m j

y f C , C , T , TŽ .7 i m j

Since the Jacobian of the system represented by Eq. 13 is
lower triangular

J 0 0 0 011

1
0 y 0 0 0

t 1
J J y L q 0 031 32 31J s ž /t 1
J J 0 y L q 041 42 42ž /t 1
J J 0 0 y L q51 52 53ž /t

the five eigenvalues of the Jacobian are the principal diago-
nal elements of the matrix. The real eigenvalue J depends11
only on K and K , and it can be shown easily that J will11 12 11
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be negative, if K and K are chosen such that11 12

K Fg K11 12

The eigenvalue J is inherently negative and independent of22
the gains. Thus, the rate of convergence of the estimate of
the solvent concentration is not adjusted and is set by the
process model itself. The other three eigenvalues will also be
negative, if the gain components L , L , and L are set31 42 53
such that

L G0, L G0, L G031 42 53

Furthermore, the higher the values of L , L , and L , the31 42 53
higher the rate of decay of the corresponding errors and the
more sensitive the estimates of the corresponding state vari-
ables to the slow measurable outputs. The selection of the
gains K and L according to the aforementioned conditions
ensures that the observer error dynamics are asymptotically
stable. The gain values given in Table 4 will be used in the
simulation study presented in the Simulation Results section.

Comparison with multirate EKF
The designed multirate state observer for the polymeri-

zation reactor consists of only five first-order ordinary dif-
ferential equations which should be integrated in real time
numerically. However, a standard extended Kalman filter for

Ž .the same reactor will consist of seventy-two 8q8=8 first-
order ordinary differential equations. Sixty-four of the state
variables of the EKF are the entries of the error covariance
matrix. In the case of the state observer the gain matrices K

Ž .and L were set on the basis of: a the observability of the
Ž .state variables; b asymptotic stability of the observer error

Ž .dynamics; c our insight into the degree of the accuracy of
the model used for estimator design, the reliability of fast
measurable inputs and outputs, and how noisy the measure-
ments are. In an EKF, however, much insight and adequate
prior simulations are needed to arrive at an acceptable set of

Ž .tuning parameters noise and error covariance matrices .

Simulation Results
In this section, simulation results are presented to show

the performance of the multirate reduced-order nonlinear
state observer in calculating continuous estimates of the state
variables of the polymerization reactor. The model of Eq. 10
is used to generate the slow and fast ‘‘measurements.’’ The
simulated ‘‘measurements’’ are then fed to the estimatorrob-

Table 4. Values of the Non-Zero Estimator Gain
Components

K K L L L11 12 31 42 53
y4 y4 y7Figure 2 40 1 5.0=10 5.0=10 5.0=10
y4 y4 y7Figure 3 40 1 2.0=10 2.0=10 2.0=10
y4 y4 y6Figure 4 40 1 9.0=10 9.0=10 1.0=10
y4 y3 y6Figure 5 40 1 9.0=10 1.0=10 2.0=10
y5 y5 y8Figure 6 40 1 9.0=10 9.0=10 9.0=10
y4 y4 y7Figure 7 40 1 4.0=10 4.0=10 4.0=10

Figure 2. Measured, actual and estimated values of
the initiator concentration, and number- and

( )weight-average molecular weights case a .

server, as if they are coming from an actual plant. A step size
Žof 10 s equivalent to the sampling period of the frequent

.measurements is used in all numerical integrations.
The performance of the multirate state observer is evalu-

Ž .ated in three cases: a when there is no measurement noise
Ž .or model-plant mismatch; b when the slow measurements

are corrupted by noise but there is no model-plant mismatch;
Ž .c when the slow measurements are corrupted by noise and
there is model-plant mismatch. A white noise signal is added
to each of the moments calculated by the process model to
simulate measurement noise. Each white noise signal has a
standard deviation of 6% of the steady-state value of the cor-
responding moment. The noisy measurements of the leading
moments that give rise to an average molecular weight mea-
surement that differs by more than 10,000 from the previous
average molecular weight measurement are discarded and not
used for state estimation. The plant-model mismatch is of the
form of a 5% discrepancy in the propagation reaction rate

Ž 3 y1 y1.constant k m ?kmol ? s ; the value of k used in thep p
state estimator is 5% higher than the value used in the reac-
tor model representing the process. The values of the nonzero
estimator gain components are given in Table 4.

Figure 2 depicts the continuous estimates obtained using
the multirate state estimator for the case a. The solid lines
represent the actual values of the variables, the dotted lines
denote the continuous estimates obtained via the multirate
estimation, the dashed lines are the continuous estimates ob-

Ž .tained by single-rate estimation when Ls0 , and the bullets
Žrepresent the ‘‘measured’’ values sampled actual values plus
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Figure 3. Measured, actual and estimated values of
the initiator concentration, and number- and
weight-average molecular weights in the

( )presence of measurement noise case b .

.noise signal, if noise is present of the molecular weights. Note
that the ‘‘measured’’ values depicted in Figures 2]4 are avail-
able for state estimation 0.5 h after the time shown in these
figures.

As Figure 2 shows, the estimates agree well with the actual
values. The benefit of using the infrequent and delayed mea-
surements in the estimation algorithm is evident from the
dashed curve representing the estimates calculated using only

Ž .the fast measurements when Ls0 . In this case, the esti-
mates do converge to the process steady-state values at a rate

Žset by the process dynamics; the slow measurements though
.delayed are not utilized to correct the estimation error. Since

the initiator concentration is observable from the frequent
measurements, the use of a nonzero value in the component
of gain K corresponding to this state variable causes the esti-
mates to rapidly converge to the actual value. The estimate
of the initiator concentration is calculated by using only the
fast measurements.

The performance of the multirate estimator in the pres-
Žence of slow measurement noise is depicted in Figure 3 case

.b . Again, the estimator is able to provide sufficiently accu-
rate estimates of the molecular weights even in the presence
of considerable noise in the measurements of the moments of
the MWD. The estimate of the initiator concentration also
rapidly converges to the actual value. The use of the past
three slow measurements in the prediction step seemed to be
sufficient. Extrapolation on the basis of a higher number of
past measurements will increase the computational load,

whereas extrapolation using only the past two data points can
result in greater error in the prediction in the presence of a
noise signal with a larger standard deviation, due to the
greater sensitivity to the measurements.

Figure 4 depicts the performance of the multirate estima-
tor in the presence of the measurement noise and the

Ž .model-plant mismatch case c . In this case, the estimator is
also able to provide sufficiently accurate estimates of the
molecular weights while the infrequent measurements play a
key role in the estimation. An estimation only based on the
fast measurements provides an inaccurate estimate at each
step, and, when a slow measurement arrives, the estimate is
driven towards the ‘‘measured’’ value until the next sampling
interval. The components of the gain L used for this case are

Ž .higher than those for Figure 2 see Table 1 , since under the
plant-model mismatch, the estimator should rely more on the
information provided by the measurements than on the
model. In the case of the initiator concentration, there is a
permanent mismatch between the actual and the estimated

Žvalues. When Ls0 state variables are estimated from the
.fast measurements only , there is a permanent mismatch be-

tween the actual values and the corresponding state esti-
mates for all the state variables. The permanent mismatch

Žcan be taken care of by adding adaptive features ‘‘integral’’
.action to the state observer.

Figure 5 depicts the performance of the multirate estima-
tor when the slow measurements are available at a lower

Figure 4. Measured, actual and estimated values of
the initiator concentration, and number- and
weight-average molecular weights in the
presence of measurement noise and plant-

( )model mismatch case c .
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Figure 5. Measured, actual and estimated values of
the initiator concentration, and number- and
weight-average molecular weights for lower
rates of sampling and greater time delays in

( )the slow measurable outputs case a .

sampling frequency of 1 hy1 and with a greater measurement
delay of 1 h for the case a. As this figure shows, in spite that
the measurements arrive at a slower rate, the estimator is
able to provide continuous estimates of the number-average
and weight-average molecular weights with sufficient accu-
racy. This is attributed to the fact that the multirate estima-
tor relies on a combination of the fast measurements and the
predicted trend of the slow measurements, thereby providing
reliable estimates even under such conditions. However, the
estimates of the number-average and weight-average molecu-
lar weights calculated by using only the fast measurements
take a considerable time to converge to the actual process

Ž .steady state shown by the dashed line . As stated earlier, the
Ž .state estimates of the unobservable states calculated by us-

ing only the fast measurements converge at a rate set by the
process itself.

The performance of the multirate estimator in the pres-
Ž .ence of measurement noise is depicted in Figure 6 case b .

Even in the presence of the measurement noise, the estima-
tor provides sufficiently accurate estimates of the average
molecular weights. Figure 7 shows the performance of the
multirate estimator in the presence of measurement noise and
model-plant mismatch for the case c. In this case also, while

Žthe estimation by using only the fast measurements shown
.by the dashed line yields a permanent mismatch between the

actual value and the corresponding state estimate, the esti-

Figure 6. Measured, actual and estimated values of
the initiator concentration, and number- and
weight-average molecular weights for lower
rates of sampling and greater time delays in
the slow measurable outputs in the presence

( )of measurement noise case b .

Žmation from both fast and slow measurements shown by the
.dotted line provides more accurate estimates of the molecu-

lar weights.

Conclusions
A multirate nonlinear state estimator design method was

presented. It was implemented on a simulated continuous
polymerization reactor to estimate the three leading mo-
ments of the MWD, and solvent and initiator concentrations

Ž .from: a the frequent ‘‘measurements’’ of monomer concen-
Ž .tration, reactor temperature, and jacket temperature; b the

infrequent and delayed ‘‘measurements’’ of the leading mo-
ments.

The estimator can directly use a nonlinear process model
without any linearization. It provides the designer with suffi-
cient flexibility to design a reliable multirate state estimator
with adjustable reliance on the fast and slow measurements.
The multirate estimator is robust enough to provide suffi-
ciently accurate, continuous, state estimates in the presence
of common problems such as measurement noise and plant-
model mismatch, frequently encountered in practice. Com-
pared to multirate EKF state estimation methods, the re-
duced-order estimator is easier to design and implement and
is computationally more efficient. Furthermore, for many
processes, it is possible to prove the global convergence of
the state estimatorrobserver analytically.
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Figure 7. Measured, actual and estimated values of
the initiator concentration, and number- and
weight-average molecular weights for lower
rates of sampling and greater time delays in
the slow measurable outputs in the presence
of measurement noise and plant-model mis-

( )match case c .
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Notation
c sheat capacity of reacting mixture, kJ ?kgy1 ?Ky1

p
c sheat capacity of the jacket fluid, kJ ?kgy1 ?Ky1

p w

C sconcentration of the initiator in the initiator inlet stream,i i
kmol ?my3

C sconcentration of the monomer in the monomer inlet stream,m m
kmol ?my3

C sconcentration of the solvent in the initiator inlet stream,si
kmol ?my3

C sconcentration of the solvent in the solvent inlet stream,ss
kmol ?my3

f Us initiator efficiency
k srate constant for chain-transfer-to-monomer reactions, m3?fm

kmoly1 ? sy1

k srate constant for chain-transfer-to-solvent reactions, m3?fs
kmoly1 ? sy1

k sdissociation rate constant for initiator, sy1
i

Ž . 3k srate constant for termination reactions k s k q k , m ?t t t tc d
kmoly1 ? sy1

k srate constant for termination by combination reactions, m3?tc
kmoly1 ? sy1

k srate constant for termination by disproportionation reac-td
tions, m3?kmoly1 ? sy1

Ps live polymer molar concentration, kmol ?my3

Q s inlet flow rate of the coolant, m3? sy1
c

Q s flow rate of the initiator inlet stream, m3? sy1
i

Q s flow rate of the monomer inlet stream, m3? sy1
m

Q s flow rate of the solvent inlet stream, m3? sy1
s

Ss jacket-reactor heat-transfer surface area, m2

ts time, s
T s temperature of the reactor inlet stream, Kin

T s inlet coolant temperature, Kw in

Usoverall jacket-reactor heat-transfer coefficient, kJ ?my2 ? sy1

?Ky1

Vsreactor volume, m3

V s volume of jacket holdup, m3
j

yD H sheat of propagation reactions, kJ ?kmoly1
p

Ž . Ž . 3 y1gs yD H r rc , m ?K ?kmolP p
l s0th moment of the MWD, kmol ?my3

0
l s1st moment of the MWD, kg ?my3

1
l s2nd moment of the MWD, kg2 ?kmoly1 ?my3

2
rsdensity of the reacting mixture, kg ?my3

r sdensity of the jacket fluid, kg ?my3
w

w Ž .xtsreactor residence time Vr Q qQ qQ , si m s

Superscripts
w y1 Ž .xy1s inverse of a function such as xsTT h, y

Ts transpose of a matrix
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